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ABSTRACT
We present the relation between the density distribution of the oblate isothermal mass
distribution, characterised by a rotation velocity, core radius and oblateness, and the
corresponding line-of-sight (LOS) surface mass distribution. We nd that a correct
treatment of the inclination of an oblate mass distribution can have large consequences
on the statistics of gravitational lens properties predicted for lens surveys. The total
number of expected lenses, the average typical image separation, the average inclina-
tion of the lens galaxies with respect to the observer and the ratio of 5- to 3-image
lens systems all depend on the orientation of the lens. We will show how this eects
the inferred lens properties of disk (spiral) gravitational lenses. We nd an oblateness
q30:4 inside the Einstein radius (5-10 kpc) (with 90% condence) for the lensing mass
distribution of a number of disk (spiral) galaxy lenses found in the CLASS and JVAS
surveys and suggest that the mass distribution of these galaxies is dominated by a ‘fat’
dark matter halo well inside the optical disk.
Key words: Cosmology: dark matter - gravitational lensing - galaxies: spiral - struc-
ture
1 INTRODUCTION
The mass distribution of galaxies acting as gravitational lenses (GLs) are usually described by either a Non-singular or Singular
Isothermal Ellipsoid (NIE/SIE) mass distribution (e.g. Kormann, Schneider & Bartelmann 1994). These distributions have
been shown to be in good agreement with both lensing properties (e.g. Maoz & Rix 1993; Kochanek 1993; Kochanek 1994)
as well as with dynamical properties of disk galaxies (e.g. Begeman 1987; Broeils 1992; Rhee 1996) and the dynamics of a
number of elliptical galaxies (e.g. Saglia et al. 1993; Franx, van Gorkom & de Zeeuw 1994; Fried & Illingworth 1994) .
The ‘strength’ of a GL can be described by the mass contained within its Einstein radius. For the SIE mass distribution
this mass is usually parameterised by a central velocity dispersion, which measures the central surface density?. The small
scatter in the Faber-Jackson relation (e.g Faber & Jackson 1976) indicates that a central velocity dispersion is a good parameter
to characterise the potential well of an elliptical galaxy. Carrying through this analogy to disk galaxies, a rotation velocity, as
used in the Tully-Fisher relation (e.g. Tully & Fisher 1977), would seem to be a better parameter than a velocity dispersion.
Indeed, the determination of the central velocity dispersion of the flat stellar mass component depends on the orientation of
the galaxy. This is less important for elliptical galaxies, because of their comparatively small oblateness.
For a lens with a given central velocity dispersion, statistical lens models typically assume that the central surface density
does not change when changing the axis ratio of the surface mass distribution of the lens (e.g. Kochanek 1996). For oblate
elliptical galaxies with typically q3 = (c=a)0:5 (a and c are the principle axes of a constant density ellipsoid, with c being
perpendicular to the equatorial plane) this is true within a factor of about two, but this is certainly not the case for very oblate
(q3 = (c=a)  0:5) disk galaxies. An oblate disk galaxy with a given central velocity dispersion has a central surface density
(and Einstein radius) which critically depends on the inclination of the galaxy. Consequently a central velocity dispersion
alone cannot be related to the central surface density or Einstein radius of the lens, if the inclination and oblateness are not
taken into account. Only in the spherical case (q3 = 1) the central velocity dispersion, the rotation velocity (vr =
p
2  jj for
the Singular Isothermal Sphere (SIS)) and the central surface density can be related uniquely.
? By the central velocity dispersion or central surface density, we mean line-of-sight central velocity dispersion or line-of-sight central
surface density, respectively.
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In section 2, we will derive a relation between the NIE density distribution and the corresponding surface mass distribution.
We use the rotation velocity, core radius and oblateness of the lens galaxy combined with its inclination, to parameterise the
lens strength, instead of a central velocity dispersion. In sections 3-5 we describe the eects of oblateness and inclination on
the image separation, the lensing cross section, the average inclination of lens galaxies and the ratio of 5- to 3-image lens
systems. In section 6 we discuss some the consequences of disk galaxies on lensing statistics. In section 7 our conclusions are
summarised.
2 MASS MODEL
As pointed out in the introduction, most GLs have been modeled with the NIE (or SIE) mass model. Their density distribution
is given by








where x and y0 are the Cartesian coordinates in the equatorial plane of the mass distribution and z0 is the coordinate in the
direction perpendicular to this plane, q3 is the oblateness (c=a) of the mass distribution, Rc is the core radius and 0 is the
central density.
Because the galaxy acts as a thin lens, only the projected surface density of the lens is of importance to us. So we calculate
the line-of-sight (LOS) surface density from the density distribution given in equation 1. Because the lens has an inclination
w.r.t. to the observer, we introduce the following rotation
y0 = y  cos(i)− z  sin(i) (2)
and
z0 = z  cos(i) + y  sin(i); (3)
where i is the inclination of the lens dened in the usual way (i = 90 is edge-on), x and y are in the plane perpendicular to
the LOS, which denes the z direction.
To calculate the surface density we substitute equations 2 and 3 in equation 1 and then introduce the following abbrevi-
ations

















such that we can rewrite equation 1 as




+ z + γz2
: (7)
The surface density is now given by























and q(i) is the axis ratio of the surface mass distribution on the sky, given by
q(i) =
p
cos2(i) + q23 sin
2(i): (11)
From Sackett et al. (1994) we nd that the asymptotic rotation velocity of a test particle in the equatorial plane of the mass






















Hence given only the physical parameters Rc; q3; vf and the inclination i, a unique physical model can be constructed that
can be directly related to the Tully-Fisher relation using the rotation velocity, vf .
Using the above equations it is also more natural to change the denition of the Einstein radius into


























for q3 = 1 (the isothermal sphere). Equation 15 gives the natural scale length of a lens with the given physical parameters
q3; vf and an inclination i.
3 IMAGE SEPARATION
We will now reduce our mass models to the singular case (Rc = 0). The typical image separation for a lens with the surface
mass distribution of equation 9 then becomes   20(q3; i)=Dd (e.g. Schneider, Ehlers & Falco 1992, p244). If we normalise
this image separation with that of the singular isothermal sphere (SIS) lens with the same rotation velocity vf and integrate





















We have plotted equation 18 in Figure 1a. This Figure shows that the average typical image separation of a sample of
randomly oriented SIE lenses is always larger than that of a sample of SIS lenses with the same vf . Because the Einstein
radius 0(q3; i) is related to the central surface density (see equation 14 and 15), the factor found in equation 18 also applies
to the central surface density, 0. This implies that the lensing optical depth is larger for a randomly oriented sample of
SIE mass distributions. In the next section we will calculate the eect of oblateness on the multiple image cross section of a
randomly oriented sample of SIE lenses with a rotation velocity, vf .
4 MULTIPLE IMAGE CROSS SECTION
Also here we will use Rc = 0. In rst order the total multiple image cross section for a SIE lens with q(i) < 0:4 (e.g. Kochanek
1996) is
5+3(q3; i) =   [0(q3; i)]
2: (19)
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In the above equations we assumed that the total multiple image cross section does not change with axis ratio for a xed central
surface density (hence fcorr(i) = 1). From equation 16 in Kochanek (1996) we nd that this assumption is not valid. The
total multiple image cross section of a flattened surface mass distribution is larger than that of a spherical mass distribution
with the same central surface density. We can therefore take equations 20-22 as lower limit to the total multiple image cross
section. To correct for this eect we introduce the correction factor fcorr(i), valid for a SIE mass distribution, in the integrand












After correction, equation 20 is exact for q3 > 0:4 (for the SIE). For q(i) < 0:4 the astroid caustics pierces the radial caustic,
which results in a larger multiple image cross section. Hence for q3 < 0:4, even after correction, the total multiple image cross
section given by equation 20 can be regarded as lower limit. We have plotted equation 21 and the numerically calculated
corrected total multiple image cross section, given by equation 20, in Figure 1b.
Figure 1b shows that the multiple image cross section is always larger for a sample of randomly oriented SIE lenses with
q3 < 1 compared to a sample of SIS lenses. Because this is the case for every rotation velocity, vf , we can draw the same
conclusion for any sample of SIE lenses with a rotation velocity distribution.
We know from observations of edge-on disk galaxies that q3  0:1 − 0:2 for the stellar+gas matter. If the lensing mass
distribution of disk galaxies is dominated by the stellar+gas matter, then we nd from Figure 1b that a randomly oriented
sample of these SIE lenses has a 5 − 15 times larger lensing cross section than a sample of SIS lenses with similar rotation
velocity. It is clear that oblateness and inclination eects on the multiple image cross sections can not be neglected. Thence,
the number of GLs and image separations predicted from statistical lens models will be underestimated.
5 INCLINATION BIAS
We can also calculate what to expect for the average inclination of GLs found in lens surveys. As we have seen in the previous
section the total multiple image cross section increases with increasing inclination of an oblate SIE lens. We therefore expect to
see a bias towards highly inclined (i > 60) lenses in lens surveys. Especially if q3  1 this inclination bias can be substantial.









We have plotted equation 25 in Figure 1c. This equation is valid for q3 > 0:4 and gives a lower limit for q3 < 0:4 as explained
in the previous section. In Figure 1c we see that for q3  1 the average SIE lens inclination i! 90
. Using the same example
as in the previous section for disk galaxies with q3 = 0:1 − 0:2, we expect an average inclination of  80. If this inclination
bias is not found in lens surveys, the lens mass distribution of disk galaxies can not be dominated by the flat stellar+gas mass
distribution. Instead a rounder mass distribution, most likely a ‘fat’ dark matter halo, must dominate well inside the Einstein
radius. Thus dark matter dominates the mass distribution inside the optical disk.
The fraction, P (< if ), of SIE lenses that have an inclination < if is plotted in Figure 1d as function of the inclination
and oblateness. The Figure also shows the clear bias towards highly inclined lens galaxies. For SIE lenses with q3 = 0:1− 0:2
we expect > 60% of the lenses to have an inclination > 80.
The eect of the magnication bias has not been taken into account in our analysis. But because we expect to nd
more highly inclined lenses, the average projected axis ratio of the surface density of the lens will also become smaller,
thereby increasing the 5-image cross section w.r.t. the 3-image cross section (e.g. Kochanek 1996). This in turn increases the
magnication bias in favour of 5-image lens systems, thereby increasing the ratio of 5- to 3-image lens systems and the total
number of GLs (and therefore the inclination bias). A more detailed analysis of the statistics of disk galaxies, including the
magnication bias, will be presented in Koopmans (1997).
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6 DISK GALAXIES AND LENSING STATISTICS
We have seen in the previous sections that the total lensing cross section and the average inclination increase with decreasing
q3. The eect of this on lens surveys will be that the number of disk lenses will be underpredicted if they are modeled as SIS
lenses (e.g. Fukugita & Turner 1993). An additional consequence is that the number 5-image lens systems will increase w.r.t.
the number of 3-image lens systems, because the lens sample will be dominated by highly inclined lenses (e.g. B1600+434;
Koopmans & de Bruyn 1997). These highly inclined lenses have a smaller surface density axis ratio, which results in a larger
ratio of 5- to 3-image lens systems (e.g. Schneider, Ehlers & Falco 1992, p400; Kochanek 1996). Because dust obscuration
increases for highly inclined systems, we expect that lenses caused by disk galaxies (in particular spiral galaxy lenses), will
be hard to nd in optical lens surveys. If one lensed image of a 3-image lens systems is obscured by the dust lane of a highly
inclined spiral galaxy lens, it will not be found in an optical lens survey. A 5-image lens system, with one or even two images
obscured by dust, can often still be identied as a lens system in optical lens surveys. The inclination bias therefore increases
the bias against 3-image lens systems with dusty lens galaxies in optical lens surveys. On the other hand the chance of seeing
a lensed image through the optical disk of the lens galaxy will decrease for larger inclinations, reducing the loss of 3-image
lens systems somewhat. In radio selected GL surveys the eect of dust obscuration is non-existent. We therefore expect to
nd more disk systems in these surveys. But the lens galaxies themselves will still be severely obscured by dust and therefore
dicult to observe even with HST (Jackson et al. 1997a).
Statistical studies have suggested sofar that disk galaxies should not contribute more than about 20% to the observed
lens systems with image separations larger than a few tenths of an arcsecond (e.g. Turner, Ostriker & Gott 1984; Fukugita
& Turner 1991; Maoz & Rix 1993;Kochanek 1996). These estimates have been made using SIS mass models to describe the
disk galaxies. As we have seen in the previous sections this will always result in an underestimate of the multiple image cross
section and number of 5-image systems.
The so-called ‘ellipticity crisis’ (Kochanek 1996), meaning that the expected ellipticity (or oblateness) needed to t the
ratio of 5- to 3-image systems found from radio lens surveys is signicantly smaller than the observed ellipticity of elliptical/S0
galaxies, could therefore be resolved or alleviated if the increase in surface density with increase in inclination (the inclination
bias) is properly taken into account in the statistical lens models. This not only increases the total number of disk lenses
expected from (radio) lens surveys, but also increases the ratio of 5- to 3-image systems. The inclination bias also applies to
(oblate) elliptical galaxies, although the eect is much stronger for the flatter disk galaxies. This means that also the average
axis ratio of the surface brightness distribution of elliptical galaxy lenses will be smaller then the average axis ratio of all
elliptical galaxies. In other words, the inclination bias prefers the flattest mass distributions.
Recent HST I and V-band observations by Jackson et al. (1997a) of four GL systems found in the Cosmic Lens All Sky
Survey (CLASS) and one GL system found in the Jodrell-Bank VLA Astrometric Survey (JVAS) (both radio surveys) show
that all ve lens galaxies are either a disk (possibly spiral) galaxy (B0712+472, Jackson et al. 1997b; B1933+503, Sykes et
al. 1997 and Nair 1997), a spiral galaxy (B0218+357, Patnaik et al. 1992; B1600+434, Jackson et al. 1995 and Koopmans &
de Bruyn 1997) or a highly flattened system (B1608+656, Myers et al. 1995, Snellen et al. 1995 and Fassnacht et al. 1996).
Moreover, all ve lens galaxies show clear evidence for the presence of dust, two lens galaxies have an inclination of  60
(B0712+472, B1933+503), one lens galaxy is seen edge-on (B1600+434) and one lens galaxy is seen near face-on (B0218+357).
The fact that there appears to be some preference for highly inclined or highly flattened lens galaxies, and the presence of
dust in all ve galaxies support the ideas that we have put forward here.
We will now use the inclination bias to set a lower limit on the oblateness, q3, inside the Einstein radius of these disk
(spiral) galaxy lenses. Let us assume an error of  10 for the inclinations. We then have two lens galaxies with i70. For the
near face-on galaxy we assume i30 and for the edge-on galaxy we take i90. From Figure 1d we nd that the probability of
nding such a distribution of inclinations (excluding 1608+656) by pure chance is (4!=2!)  0:006  0:082  5  10−4 for q3 = 0:1.
For q3 = 0:4 this probability becomes (4!=2!) 0:04 0:4
2  8 10−2 . So an oblateness, q30:4, inside the Einstein radius (typically
5-10 kpc) for these disk (spiral) galaxies can be excluded with  90% condence, assuming no magnication bias. As argued
in section 5, the magnication bias will increase the inclination bias and therefore increase the condence level. If q30:4 for
these disk (spiral) galaxies, the increase in lensing cross section, as a result of the inclination bias, will at most be a factor
 2 (see Figure 1b).
7 CONCLUSIONS
We have derived a physically consistent relation between the NIE density distribution and its LOS surface mass distribution.
We have shown that the rotation velocity, core radius, oblateness and inclination uniquely determine the NIE surface mass
distribution. The Tully-Fisher relation leads us to believe that for disk galaxies the use of a rotation velocity to parameterise
the ‘strength’ of the lens galaxy is more appropriate than the use of a central velocity dispersion.
We have shown that for any sample of randomly oriented SIE lenses the total multiple image cross section and typical
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image separation always increases with decreasing q3. Hence not taking inclination eects on the central surface density into
account can lead to a severe underestimate of the expected number and typical image separation of lenses in a lens survey.
Also the ratio of 5- to 3 image lens systems will be underestimated.
Recent HST observations of ve GLs (Jackson et al. 1997a) have shown that most lens galaxies are dusty disk (spiral)
galaxies or highly flattened galaxies. Of these ve lens galaxies, three are highly inclined (i60) and one is near face-on. So
there appears to be some inclination bias towards high inclinations, although the eect is at most weak.
We suggest that not only the ratio of 5- to 3-image lens systems, but also the inclination bias can be used to set constraints
on the oblateness of lens galaxies. A simple calculation has shown that q30:4 for the mass distribution inside the Eintein radius
(typically 5-10 kpc) of these lens galaxies can be excluded with  90% condence. The magnication bias will only increase
this condence level. This oblateness is much larger than q3 = 0:1− 0:2 for the typical luminous disk. Consequently these lens
galaxies probably have a ‘fat’ dark matter halo, that already dominates the galaxy mass distribution inside the optical disk
(see section 5), although the influence of the bulge should be included for galaxies with a high bulge to disk mass ratio.
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Figure 1: A: Average typical image separation of a sample of randomly oriented SIE lenses, as function of q3. The horizontal
dashed line indicates the normalised typical image separation of a SIS lens. B: Average total multiple image cross section of
a sample of randomly oriented SIE lenses as function of q3. Not corrected (dashed) and corrected (solid) for increase in cross
section with decrease in q(i) (see text). The solid line is exact for q3 > 0:4. For q3 < 0:4 the solid line gives a lower limit, because
the astroid caustics pierces the radial caustic, which results in an even larger multiple image cross section. The horizontal
dashed line indicates the normalised cross section of a SIS lens. C: Average inclination of oblate (SIE) lens galaxies expected
from a (unbiased) lens survey, as function of q3. D: Fraction of oblate (SIE) lens galaxies with inclination < if , expected from
a (unbiased) lens survey, as function of inclination and oblateness, q3. Lower line to upper line: q3 = 0:1; 0:2; :::; 0:9.

